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Introduction

« Error analysis -essentiapart of b.v. problems solution

e On Multipoint meshless FDM
— solutionapproach

« Bases of meshless finite difference method (MFMpr analysis
* Application of Multipoint method toeference solutiogeneration
 Numericalanalysis obenchmarkproblems

 Final remarks

Obijective of this research
Investigation of théultipoint MFDM application to
a posteriorierror analysis by means of generation
of high quality HOreferencesolutions




Raising order of local MFDM approximation
ON ERROR ANALYSIS

e Solutions
— true ur
— rough(low order, coarse mesh) ut

— higher qualityhigher order, fine mesh) u-

« Generation ofeferencesolution u"
— meshdensityincreaself)
— raising approximationrder(p)
— mixture of both fp) l

« Raisingorder of locaMFDM approximation
— Defect(deferred) correction — use of MFD stars with
increased number of nodes
— Use of (additionalpeneralisedd.o.f.
<= Multipoint approach—
— Use of higher order (HQ)orrectionterms
— p- andp/h- adaptive approach




Idea of Multipoint approach

u, f
u, f /o
. Given PDE (ODE) .
_ — oy f
ru=f, u=u(P) W 8
« FD discretization J \\
— Standard obf
u=Lly=Ccu=f = |Lu=f] u =u(P)
(i)
— Multipoint
=) Cu = af = Ly =Mf,
i(i) i(i)
r — differentialoperator. In general it may be referreddterential eqs
boundaryconditions,integrandn global formulation of the considered

b.v. problem

f — value of thevholeoperator £U;  or itgartonly, e.g. a specifiderivative u®



Multipoint — simple examples
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Classic FD = - Multipoint approach
Au_ +Bu +Cu,=f Au_ +Bu +Cu,, =af_ +Lf +yf.,

1st derivative
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Higher order approximation without raising the number of nodes!




Generalization of the classic Multipoint FDM

Collatz Meshless

e Mesh
regular no mesh, irregular or regular
cloud of nodes

 Formulation
local local, global, mixed

o Approximation
Interpolation MWLS approximation

Method variants

specific general (variants)

ZCJ-UJ-:ZH@ 2.Ciuy, :Za@

i(i) i(i) i@) i)




Multipoint Meshless FDM approach

new Multipoint Meshless FDM=
= Meshless FDM + Formulations +

+ MWLS approximation +

+ Collatz multipoint approach

!

provides higher order approximation used for

e Solution of b.v. problems

e A posteriori error analysis




Basic Multipoint formulations

MFD star and d.o.f.
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a) Standard meshless FDM b) Specific multipoint

2. Cu; = au

i@ i)

c) General multipoint




Comparison of solution convergence
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»>0< general multipoint a-4 Test 1
©6e specific (linear) multipoint  ,_, Series of regular meshes
==5 standard low order FD solution _, true error




Error analysis — bases

e Solution types
— u' —truesolution (unknown)
— Ut —roughsolution (known)
— uf —higher ordeimproved solution usually assumed as the referenee
Error
 Types
e a priori, a posteriori (to examine solution qualib generate adaptive mesh)
e solution error, residual error
* local, global
e Norms
— maximum, mean square, energy
e Definitions
e true loworder error
 true higherorder error e —HUT ‘UHH

e estimatecerror et =|lu” -u* ‘ ~e

TL _

e u’ —uL‘

- Problem: howto generate eeferencesolutionu”?  Multipoint MFDM




A posteriori error MFDM analysis — local error estimation

True solution

cu=f, OO0 u'
Lower order solution (standard MFDM)
ru=Lu=f, Lu=f 0 - u

Higher order solution fultipoint MFDM)

LU= Lu=Mf, Lu = Mf 0 - u”

Local solution error
L

e =u' -u
— e =y -ut=e" Higher order Multipoint ) estimation

e =y’ =-y" of thelocal solution error

ghH = yH(P) _jH(P2) < gH | various use oHO approximations

Local residual error

rt =Lyt - f Standard — low order estimation
r=ru-f — > of the local residuum
H _ o, H : Lot
r =Lu” —f Improved — higher order estimation

of the local residuum
|




A posteriori error MFDM analysis — global error estimation

Globalsolution error 717 = ||e||

e Error norms ||-|| used:

1
||e||E = \/5 .[Q b(e, €)dQ energy norm

Hq‘z — \/ﬁg(q )2 mean square norm (discrefe
. | -l @ld
Effectivity indexof estimator 1« =1+ "]
Hierarchic estimators Smoothing estimators Residual estimators

H-type e=u, —u, ZZ-type e=u’ uL- Explicit €= \/h2 ||r||2 +h/2]J ”2

rough ~ Ysmooth

_ L L
P-type €=U, ~Uy,

— /L rH .. _
MHO-type €=U —Uj MHO-type €=U~ —U implicit € - b(ee)=r

p+s p+s




Error analysis

* Error indicators for irregular meshes

-1.1 i} Y b8 -0.7 -0.6 b5

log (E)

log (H) . .
©009 Moment of inertia Ind=1.141 Series ohdaptlvemeshes

HIEIES Center of gravity Ind=1.138 s ese e o o o o e

Test 2. Solutiorronvergencéased on the seriesafiaptive "< s c=eees s oo e
meshes using the both types of the eimdicators TEett T emestessmesmmesee s 2




Benchmark 2D problems

Two-dimensional Poisson’s b.v. problem
Tu=f(x,y) w Q
with the Dirichlet b.c. 0<x<1, 0O<y<1
Test 3 Test 4

u(x,y) =sin(x+y) u(x,y)=-x* - y*+ exp(— 104 x-0.5)" = 100y - 0.32)




Convergence for multipoint & standard MFDM
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Test4
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Test 3

Solution convergence, results of teneral multipoinmethod and thetandard MFDM




Multipoint error analysis

* Hierarchic (p-type)

log(e)

-11 . . . -0.

log (h)
B 2 approx. order, a = 1.9 S99 2 approx.order

S-S 4 approx. order, a = 3.8 . .
%3¢ 5 approx. order, a = 3.9 3 appro>l<l.order, different versions
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Solutionconvergenc®ased on of the exact mean solution errors for 1D antk&(3 and
various approximation orders




Multipoint error analysis
* Hierarchic (p-type)
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Test 4. The exact solution error of rsicMFDM; (i) Multipoint MFDM




Multipoint error analysis — irregular meshes

Voronoi polygons for
random irregular mesh

O"’ )
QRN dnaiay
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log (h)

869 50% irregularity, 3approx.order

BEE 33% irregularity

»OO< 17% irregularity

EH4El regular mesh

Test 3.Convergencef the average of 2Gandom irregulameshes andegularones, all
using 3rd approximation order




Multipoint error analysis

. . . | =1+
Hierarchic estimator

an
| |

log(e)

log (h)
&~ true error - 2 approx. order
#\= 4+ error estimation

Comparison of the errastimation e’ and theexacterrore' for low order
solution. Test 3, general Multipoint approach. Effatt index ~1.1




Multipoint error analysis

o Effectivity index

True solution error

Higher order true erroe™
(\_/er_qinn 2)

Higher order true erro@™
(version 3), local formulation

Higher order true erro@™
(version 3),global formulation

Higher order true erroe™
(\_/er_qinn 4)

Lower order true erroieTh

Error estimationeL

Effectivity index | 4

Error estimation for various Multipoint MFDM versionseBular 249 nodes mesh

HL TL
e[|
=1+
“ e
e
Test 3 Test 4
Max norm Euclidean Max norm Euclidean
norm norm
3.0e-6 1.18e-6 5.12e-3 1.94e-3
[ 1.22e-6 4.12e-7 1.48e-3 5.93e-4]
1.8e-6 8.29e-7 8.05e-3 3.11e-3
4.0e-6 2.08e-6 6.33e-3 3.5e-3
2.54e-4 1.24e-4 1.35e-1 2.18e-2
2.5e-4 —254e-4 1.22e-4 - 1.27e-1 — 1.83e-2 —
1.24e-4 1.34e-1 2.12e-2
1--1.02 1--1.02 1.01--1.06 1.03--1.16




Multipoint error analysis —
prismatic bar twisting

® — Prandtl stress functioi®sd = 1 — torsional stiffnes€) — domain of the
bar cross-section. s

0°® = -2G4, in  Q
& =0, on 0Q

The total shear stress

r=|grad ® 15 + 7

shear stresses are

_ 00 _ 00

I, =—, —
Y S )

 Railroad rail cross-section
« Benchmark test — square cross-section




Prismatic bar (rail-shape) twisting

Irregular mesh, Prandtl stress function and totaasistress
in railroad rail shape bar




Prismatic bar twisting.
True solution error for Prandtl function
I 8.6442-004

6.633e-004 3.77%e-004

= I 5.033e-004
)

2.52e-004

I1.269—DD4
0.

4422e-004

I2.211E—DD4
0.

e =T T = =l I

2.936e-005

1.957e-005

IS.?BSE—DDG
0.

e =u" -u* e =u" —-u

Exact lower order error Aﬁact higher order error
C) B\ = A = =T\

Multipoint solution error:
a) local formulation and>"? app.order, blocal formulation and3™@app.order,

H

c) global-localformulation (MLPG5) and 39 app.order




Estimated 2"? approx. order solution error

2 4 6 8 10 12 14 16

max=0.00083785 max=0.00074714

eht = yH =yt =e™

Estimated error

C) 4 6 8 10 12 14
max=0.00087719

Multipoint solution (local formulation) error:
a) exacterror of the 2d app.order Wstimatecerror by 39app.order
c) estimatecerror by theMLPG5 3 app.order




Estimated 379 approx. order solution error

5.039e-004

3.779e-004

2.32e-004

1.26e-004

eHH — uH(pl) _uH(pZ) ~ eTH

Multipoint solution error:

5.033e-004

3.773e-004

2.5913e-004

1.26e-004

-1.933e-0M17

Estimated error

a) exactsolution error for the local formulation ané! &pp.order

b) solution error for the local formulation an® app.ordeestimatedy the MLPG5



Multipoint error analysis

 Residual error distribution
=Lu" - f " =Lu" - f

V\N\RA/\/\N T~

* ReS|duaI error pIot x
I I I I

10

residual

0

®e e 9 residual points
X 19 residual points
— 1 residual point

Residual error distributionsing 1, 9, and 19 points between nodes. Test 2.




A posteriori error analysis

e Residual error

0.0015 | .

0.001

residual error

5-10 B

nodes
* o=00 — g=101 — g=035 g=1.0 — g=10.0

Residual error distributionsing 19 points between nodkes. @ ~prk-1
The influence of the MWLS weighting factay W”2 = [,0”2 + ,02 j
ij

Smallerg provides smaller errors




Multipoint error analysis

Specific case

General case
| uM =Cu+af| [UW=Am
e Smoothing
Zienkiewicz-Zhu type error estimatoe™ =u'"" —u'" e =ut-u" =e™
Test 3 Test 4
T 1 T
-3
derivative or derivative
-4 errors errors
-1
g

solution error

solution error
-3

_4 — —]
-7 l l l l l l
-14 -1.2 -1 -0.8 -0.6 -14 -1.2 -1
log(h)
©-© solution, 3 approx. order
B2 X derivative

log(h)
©-© solution, 3 approx. order
<=+ Y derivative

=% X derivative
<=t Y derivative

Derivatives — true error convergence
-




Final remarks

Presented was a posteriori error analysis basdgedriultipoint Meshless Finite
Difference Method (MMFDM).

The MMFDM may providenigh quality reference solutioiar a posteriori error
estimation.

The following solution combinations may be done:

— HO multipointone vslower orderstandard (MFDM or FEM) solutioni™ —u-
— Two different HO multipoinsolutions, e.gp+1 andp+2, presenting various use of
higher orderapproximations

Various types of a posteriori error estimationcludinghierarchical, residuand
ZienkiewiczZhu approaches, may be carried out when supportéaedyultipoint
MFD method, and applied to botinegular and regular meshes.

Numerous tests carried out presentouraging, high quality resuts$ such error
analysis. However, results of thesidualerror analysis carried out between nodes
showstrong dependenad the error value on the choice of the used MWLS
smoothing weight factoralueg.

Further development and testing of this approaeimseo be justified.




Thank you very much
for your attention!




